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Given a convex domain C and a positive integer k, inscribe k nonoverlapping 
convex domains into C, all of them similar to C. Denote byf(k) the maximal sum 
of their circumferences. In this paper it is shown. that for C square, parallelogram 
or triangle (1) the first increase of f(k) after k = I’ occurs not later than at 
k = l* + 2, (2) constructions can be given. where the following lower bounds are 
attained for J(k) =f(l’ tj): 
( Ilc)f(k) > 1 t (j - 1 l/21 jodd,1>2 
>jtj/2(rt 1) jeven,l>2 
where c denotes the circumference of C. 
The following problem has been investigated by Erdos and Graham in [ 1 ] : 
How many nonoverlapping unit squares can be packed into a large square of 
side a? They have introduced the function f(k) = maximal sum of circum- 
ferences of k nonoverlapping squares packed into the unit square and shown 
that 
f @I > 41 if k = 1’ + [c17’11]. 
One of the questions they asked was: As k increases from 1’ to 1’ + 4 
where do the jumps inf(k) occur and how large are they? 
In trying to answer this question we shall consider inscribed squares of 
different sizes as well, but their sides will always be parallel to a side of the 
large square, whereas Erdiis and Graham considered equal squares only, but 
allowed rotations at arbitrary degrees. 
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1. C =UNIT SQUARE 
1.1. Deriving the Restrictions 
Let k = 1’ + j and inscribe (I + A)’ equal squares into the unit square. (A is 
a negative or positive integer or null.) The necessary total change in the 
number of squares, in order to get exactly k disjoint squares, is 
(1+ A)’ - (1’ + j) = 211 + A2 -j 
which is negative for non-positive values of 1. 
We shall perform the following transformations: out of (ni + mi)’ squares 
(mi positive or negative integer) nf squares are made, keeping the area 
unchanged, and changing the sidelength from l/(1 + A) into (ni + mi)/’ 
ni(l + A) (ni nonnegative integer). 
An example is shown in Fig. 1. There n, = 3, m, = 1, I= 4, A = 1. 
The effective total change in the number of squares after the transfor- 
mations described above: 
Z(ni + ini)’ - Znf = 2Znimi + Zmf. 
Our first restriction is therefore 
2Znimi + Zmf = 2U + AZ -j. 
A further restriction follows from geometrical considerations 
1 <ni+m,<I+A. 
The total sidelength after the transformations 
#,+~(l’ + j) = {Znf(ni + mi)/ni + (I + A)’ - C(ni + mi)‘)/(l + A) 
= {(l+A)2-Znimi-Zmf}/(Z+~) 
(1) 
(2) 
FIG. 1. j=2. 
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FIG. 2. j= 21. 
and using (1) 
= ((I + A)’ - 11 - (A’ -j - Zmf)/2 - Zmf)/(Z + A) 
= I + {A’ +j - cm;}/2 (If A). (3) 
Consequences: 
(a) Zmf must have the same parity as A* -j, because of (l), 
(b) g,+,(k) increases with decreasing Em:, 
(c) for a guaranteed increase after a square number, i.e., for 
&+AV +A > 1 
it is necessary that 
1.2. The Constructions 
Because of property (b) we shall try to keep Cmf as small as possible. Let 
us consider the case Zmi = 1. Then from (1) 
j= 21L +A* - 2n,m, - 1. (4) 
We are looking for solutions of (4) forj between 0 and 21+ 1. Keeping m, 
fixed and substituting the bounds for n, from (2) we get the following ranges 
for j from (4): 
3, Smallestj Largest j 
m, = 1 1 0 21 
GO G-21 + 1 G-1 
22 >21+ 1 >41+3 
m,=-1 0 3 21+ 1 
G-1 G-21 + 4 0 
>l >21+4 >41+ 1 
582a/37/1-7 
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FIG. 3. j= I,A=-l,n, +n,=l+ 1. 
Since in case of Zrnf = 1 restriction (1) implies that A is odd for j even 
and I is even for j odd, the A = 1, m, = 1 transformation is realizable for j 
even with n, = 1 -j/2 and the A = 0, m, = -1 transformation is realizable 
forj odd,j# 1 with n, = (j+ 1)/2. 
Further we get some trivial arrangements for j = 0 and j = 2Zf 1. 
1.3. The Lower Bounds 
Substituting the accepted values of A and m, into (3) the following lower 
bounds can be given for f(l’ + j): 
$f(l’ + j) > Z+ (j - 1)/21 for jodd,1>2 
> I + j/2(1 + 1) for j even, 1 > 2. 
For j = 2 this lower bound is I + l/(1 + l), i.e., an improvement over 
k = l2 can be achieved with the above construction. 
For j = 21 the lower bound is given by IZ, = 0, i.e., an arrangement where 
the large square is not tilled out. (See Fig. 2.) 
The only value of j, where no increase is achieved over j - 1, is j = 1. 
Here the best arrangements are described by Em f = 2, I = 1 or A = -1. Both 
pairs of parameters describe a class of arrangements, all of which give the 
lower bound 1. (See Figs. 3 and 4.) 
a b 
FIG. 4. j=l,d=l,n,+n,=l-1. 
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If we consider the lower bounds #,+n(12 +j) as a function of j only 
between a given 1 and I + 1, then the following can be said: 
(1) it is monotone nondecreasing function, 
(2) there is an increase at each j, except for j = 1, 
(3) the sum of two consecutive jumps 
$(P +j + 1) - #(12 +j - 1) = l/(1 + 1) for j odd 
= l/l for j even 
(4) let 
A = #(I2 + j + 1) - #(I2 + j) be the increase in 4 after j, 
B = @(I2 + j) - #(1* + j - 1) be the increase in 4 before j, then 
B = i/1(1 + 1) for j = 2i + 1, which equals zero for j = 1 
B>A forj<f+l,jevenandforj>[+l,jodd, 
B=A forj=l+ 1,jeven or odd, 
B<A forj>l+ I,jeven and forj <I+ l,jodd, 
(5) the lower bound of I+ f is attained for j = 1+ 1. 
2. ~=PARALLELOGRAM 
The above constructions can be applied in case of inscribing k similar 
parallelograms into a given one, and looking for an arrangement with 
maximal sum of circumferences. 
Let again k = 1’ + j and start with (1 + A)’ equal parallelograms, all 
similar to C, A=0 for j odd, j# 1 and A= 1 for j even and for j= 1. 
Perform the transformations: out of (ni + mi)’ parallelograms make nf new 
ones, keeping the area unchanged and satisfying restrictions (1) and (2). (See 
Fig. 5.) 
The values of Q remain the same, so if the original parallelogram has 
FIG. 5. j odd, j# 1 
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FIG. 6. j even. 
circumference c, then the lower bounds for (l/c) f(k) remain the same as for 
C = unit square. 
3. C= TRIANGLE 
Again the original triangle is divided into (I + A)’ triangles of equal area, 
all similar to the original one. 
Consider now the layers of small triangles between two such segments, 
both of which are parallel to the same side of the original triangle. In each 
layer there is an odd number of triangles, starting with 1 at the vertex and 
ending with 2(1+ A) - 1 at the opposite side, since 
$ (2i- l)=n! 
To perform the transformations, the area of all triangles in the necessary 
number of consecutive layers (this number is ni + mi) is transformed into nf 
triangles (again of equal area, similar to the original one) until restriction (1) 
is satisfied. Restriction (2) remains valid as well, since here 
1 ~ 2(ni + mi) - 1 ~ 2(1+ n) - I 
must be satisfied, which is equivalent to (2). (See Fig. 6.) 
Since the choice of 1 and the value of the lower bound depended on 
restrictions (1) and (2) and on the values of 1, j and the circumference only, 
once the transformations are realizable-as we have seen above-the lower 
bounds for (l/c) f(k) remain the same as for the unit square. 
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